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Industrially-inspired Gust Loads Analysis of Various Aspect
Ratio Wings Featuring Geometric Nonlinearity
R. G. Cook∗, D. E. Calderon†, J. E. Cooper‡, M. H. Lowenberg§ and S. A. Neild¶
Department of Aerospace Engineering, Queen’s Building, University Walk, Bristol, BS8 1TR.
This paper considers the effect of geometric nonlinearity on gust load analyses of high aspect
ratio commercial aircraft. Three variants of a conceptual aircraft, featuring wing aspect ratios
of 10, 18 and 26, are sized using an industrially-inspired procedure to obtain realistic structures
of existing and future designs. These aircraft aremodelled in anonlinear aeroelastic framework,
featuring a geometrically-exact beam formulation coupled with unsteady aerodynamics, and
subjected to a gust loads process adapted for nonlinear systems. The gust analysis is also
carried out using a linear approach (linearising the equations of motion about an undeformed
or trimmed geometry) to understand how nonlinearities influence the loads and dynamic
behaviour of aircraft as the aspect ratio increases. Load envelopes show that vertical shear
and bending moments are predicted well by the linear analyses, even for the aspect ratio 26
case, providing that the linearisation is performed about the trimmed geometry. In contrast,
the in-plane and axial loads are significantly underestimated using linear analyses. Torque
behaviour is problem specific, and therefore difficult to generalise. Even on the aspect ratio 10
case, which would traditionally be considered as a linear problem, it can shown that the torque
loads are considerably affected by nonlinearity.
Nomenclature
1MC 1-minus-cosine
a Body-fixed Reference Frame
A Local Aerodynamic Reference Frame
AR Aspect Ratio
B Local Structural Reference Frame
[C] Sectional Compliance Matrix
[Cxy] Rotation matrix mapping from a variable in the y frame to the x frame
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F Vector of Local Axial/Shear forces, {Fx Fy Fz}T
Fx Local Beam Axial force
Fy Local Beam Fore-Aft Shear
Fz Local Beam Vertical Shear
f Vector of Applied Forces
G Global Reference Frame
g Gust Reference Frame/Acceleration due to Gravity
g Acceleration due to Gravity
γ Vector of Local Strains
H Vector of Rotational Momenta
HAR(W) High Aspect Ratio (Wing)
κ Vector of Local Curvatures
M Vector of Local Torsional/Bending Moments, {Mx My Mz}T
Mx Local Beam Torque
My Local Beam Bending Moment
Mz Local Beam Fore-Aft Moment
m Vector of Applied Moments
m Sectional Mass per Unit Length
[M] Sectional Mass Matrix
Ω Local Rotational Velocities
ω Body-Fixed Reference Frame Rotational Velocities
P Vector of Translational Momenta
R Position Vector from the origin of the body-fixed frame to the local beam frame
RTC Round-the-Clock
s 1D curvilinear coordinate of a point along a deformed beam
V Local Translational Velocities
v Body-Fixed Reference Frame Translational Velocities
x Vector of Beam Velocity and Load States
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High aspect ratio wings (HARW) can lead to significant drag savings due to the reduction in induced drag at
operating design points, but can also suffer from increased bending moments; the resulting increase in structural weight
from this can negate the fuel burn savings. Typically such designs have little or no sweep and therefore the beneficial
gust alleviation due to bending-torsion coupling inherent in sweptback designs is absent (with some exceptions). HARW
are also prone to nonlinear aeroelastic instabilities (as shown by the Helios crash[1]), and these nonlinear effects
are usually not well understood; therefore the wing is often stiffened to avoid large deformations with the penalty of
significant weight increases. Greater flexibility could also result in a strong coupling between structural dynamics and
flight dynamics, as well as undesirable effects on the handling and ride qualities. A further limitation on larger span
designs is the size restriction on airport gates and ground handling.
One particular aspect of aircraft design is understanding how exogenous forces and excitations on the aircraft affect
the structural loads in order to demonstrate that the aircraft can withstand certain operating conditions. In an industrial
setting, tens of thousands of simulations are often carried out, considering static manoeuvre, gust, landing and taxiing
cases for combinations of multiple flight points and mass cases. In this paper, the impact of geometric nonlinearities on
the results and processes of gust loads analysis is investigated.
(a) Airbus Concept Plane[2] (b) Boeing’s Strut-Braced SUGAR Volt Concept[3]
Fig. 1 Future HARW Aircraft Concepts
A number of high aspect ratio wing configurations are being considered, and both Airbus and Boeing have published
their own concepts, as shown in Figure 1. The Boeing SUGAR Volt aircraft[4] includes a strut to brace the wing,
which will help reduce structural mass at the expense of additional drag. Other aspects such as the engine position, and
type, need to be considered, as the engine could have a detrimental effect on the dynamics of a high aspect ratio wing.
Technologies such as passive and active gust and manoeuvre load alleviation systems could also mitigate the effects of
loads transferral from atmospheric disturbances into the structure.
The modelling of highly flexible structures has been quite thoroughly investigated (and discussed shortly) with
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significant focus on unmanned aerial vehicle (UAV) designs. When extending analyses beyond the traditional aeroelastic
approaches, straight-forward and robust model reduction techniques, as favoured in industry[5], can no longer be used.
Approaches such as modal decomposition and frequency-based aerodynamics (e.g. doublet-lattice method) are no longer
valid in the nonlinear regime, so efforts in the literature are often focussed on avoiding excessive computation when
considering time-marching solutions to nonlinear systems. Structural aspects of a highly flexible aircraft are typically
represented using a beam, or set of interconnected beams, which is a valid assumption to make on a slender structure
with negligible chord-wise bending. Various approaches in the literature consider displacement-based[6, 7], strain-
based[8–10], and intrinsic-based[11] approaches to the nonlinear beam modelling problem. Generally, aerodynamics
have also been modelled with lower-order models based on incompressible, inviscid, low speed assumptions. While the
commonly used doublet-lattice method (DLM) can be cast into the time-domain through the use of rational function[12]
or minimum-state approximations[13] in cases where the flow is assumed to be linear and other sources of nonlinearities
are not due to large deformations (control surface free-play as one example), the validity of this approach is questionable
in HARW applications. As such, strip-theory has often been favoured for the significant computational benefits[14, 15],
where a number of unsteady methods have been presented[16, 17], including models with the ability to predict viscous
effects like stall[18, 19]. However, it has been shown that 3D effects can become important[20], even for HARW
applications[21], and so unsteady vortex-lattice method (UVLM) based approaches are becoming more frequently
used, with the added 3D and wake effects that can be captured[22, 23] while still assuming inviscid and incompressible
flow. While higher-order structural and aerodynamic methods are sometimes used[24], the computational expense
currently limits the application to individual cases of interest rather than large numbers of computations over the whole
envelope. Despite the development of aerodynamic reduced order models (ROMs)[25] and corrections to established
methods[26, 27], the work in this paper is focused on the industrial implications of structural nonlinearities, and as such,
a strip theory approach coupled with a nonlinear beam solver is deemed to be sufficient to capture important phenomena
without modelling extraneous details.
One aspect of nonlinear aeroelastic modelling which is not often addressed in the literature is the impact that these
nonlinearities have on aircraft design, and in particular when applied to commercial, passenger or freight aircraft. In
one recent paper, Calderon et al. [28] use nonlinear aeroelastic models in an industrial sizing routine to understand how
nonlinear effects change the design versus a linear model, but noting that the load cases included in this analysis were all
static due to the computational limitations of carrying out nonlinear dynamic simulations in an optimisation routine. In
contrast and despite their shortcomings for modelling nonlinearities, established linear methods can handle such large
numbers of simulations required of an industrial process in a robust, reliable and efficient fashion. As such, aspects of
these techniques are still going to be retained in the industrial analysis of next-generation aircraft. Understanding how
linear and nonlinear results differ for a particular class of aircraft can potentially give aerospace designers guidelines
for interpreting linear results in such a way as to factor in nonlinearities (if, indeed, broad and general rules can be
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observed). Furthermore, if certain system states are shown to behave in a largely linear way, then it could suggest areas
of future work where nonlinear equations can be partially linearised with respect to those degrees of freedom. A similar
idea is presented by Hesse[7], who outlines an approach to linearising nonlinear equations with respect to structural
deformations, while still retaining the nonlinear rigid-body equations allowing for arbitrarily large aircraft rotations and
correct modelling of centrifugal forces, and Coriolis and Euler damping terms.
In this work, the effect of increasing aspect ratio on aircraft gust loads is investigated, which is widely regarded
as leading to more significant geometric nonlinearity (when tip displacements exceed 10-20% span as a general rule
of thumb). To do this, a series of commercial aircraft with different aspect ratios are sized using an in-house sizing
tool[29] inspired by industrial processes. With aspect ratios of 10, 18 and 26, the three resulting aircraft structures are
representative of both current and future passenger aircraft designs, with realistic internal structures consisting of box
sections with optimised thickness properties to ensure minimummass without exceeding maximum stress. These aircraft
are then modelled using a nonlinear aeroelastic solver, featuring geometrically-exact structural modelling and unsteady
aerodynamics, on the assumption that large deformations are likely to occur in-flight. A gust loads process is developed
for nonlinear systems, which is capable of carrying out the type of gust excitations required by regulatory bodies.
In particular, lateral and round-the-clock (RTC) gusts are required for certification loads (in addition to longitudinal
gusts), meaning that certain orientations of gust excitation may become more important in the gust loads analysis for
highly-flexible aircraft. This study considers how changes in aspect ratio, towards future designs, affect the gust loads
on the structure, considering when the inclusion of geometric nonlinearity in the analysis becomes important. It should
be noted that the nonlinearities studied in this work would also affect flight dynamics behaviour, which would in turn
have an effect on things such as handling and ride quality - however, the focus of this paper is solely on the loads due to
its importance for structural integrity.
Initially in §II, the nonlinear aeroelastic approach used in this work, along with gust input definitions, is presented.
After this, the specific aircraft models are described in §III, followed by a discussion of 1g and dynamic gust loads
analyses results in §IV. Finally, conclusions on worst-case gust loads and linear versus nonlinear analyses are drawn in
§V.
II. Aeroelastic Modelling
The methods used for modelling aeroelastic systems with nonlinear effects are briefly described in this section. A
definition of reference frames used in this study is detailed. Then the structural model is presented, followed by the
aerodynamics. Finally, the implementation of the equations is introduced.
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Fig. 2 Reference frames used in the aeroelastic model formulation.
A. Reference Frame Definitions
A number of reference frames need to be defined to clarify in which frame certain variables relating to the structural
and aerodynamics are expressed. Figure 2 illustrates a generic, highly flexible aircraft structure, and labels the reference
frames. The wings, fuselage and tailplane can all be modelled as beams.
The global reference frame, G, is an earth-fixed inertial reference frame (assuming a flat and non-rotating earth).
The effect of gravity is expressed in this frame as a vector in the z-axis, gG = [0; 0;−g], where g is the acceleration due
to gravity. The body-fixed reference frame, a, is a reference frame that is free to move in translation and rotation within
the global reference frame. It is, as its name suggests, rigidly fixed to a point on the aircraft, with deformations of the
structure defined relative to the body-fixed frame. For convenience, the origin of the body-fixed frame is chosen to be a
point on the fuselage, with the x-axis aligned in the nose-to-tail direction. The centre of gravity of the system will move
independently of this frame. The local reference frame, B, is a reference frame that is rigidly connected to the set of
beams representing the structure (wings, fuselage, tail, etc.). All loads are given in this reference frame. The x-axis of
the local reference frame B is parallel to the undeformed beam (assuming no pre-strains). The aerodynamic reference
frame, A, is a reference frame that is rigidly connected to the beam, with the origin located at the aerodynamic centre of
the aerofoil section at that beam location. It is convenient to define a separate reference frame for the aerodynamics
to account for any rotations, such as twist or dihedral, that would mean that the aerodynamic reference frame was no
longer coincidental with the local reference frame, B. The gust reference frame, g, is introduced to simplify the gust
description. It is a frame that can have an orientation and position independent of the global reference frame, G. In the
6
Page 6 of 33
Review copy- Do not distribute






























































gust reference frame, all gust velocities will be given as a purely vertical velocity vector. The gust reference frame can
then be oriented in the global reference frame as required to produce a family of gusts.
B. Structural Modelling - Intrinsic Beam Formulation
The structural method used in this work is an intrinsic beam approach, as presented by Hodges[11]. While this
approach is well documented and widely used in the literature, a brief description of the specific method of solving
the intrinsic beam equations in this paper is included in Appendix .A to understand the particular application of the
nonlinear beam formulation that will be used in the following work.
As part of on-going validation of nonlinear codes at the University of Bristol, this particular implementation has
been compared in terms of accuracy and computation times with a number of alternative nonlinear beam formulations.
Previous comparisons and summaries of all the beam models for static aeroelastic analyses was made in Howcroft et
al.[30] showing a good agreement between the different methods.
C. Aerodynamics
To apply representative aerodynamic forces to the structural model, an unsteady strip theory is used. Strip theory
has been shown in the literature to provide a reasonable approximation to aerodynamic forces for HARW, but lacks the
induced drag terms and 3-dimensional effects that panel methods such as the DLM, VLM and UVLM can provide.
Notwithstanding, the computational speed of strip theory allows for rapid assessment of numerous aeroelastic cases, and
gives a useful, first-case insight into aeroelastic phenomena. The computational efficiency of this method is particularly
important in this paper considering the hundreds of simulations required for each aircraft to thoroughly interrogate the
space of regulation gust excitations.
An important point to note is that transonic and stall effects are not included in these analyses in order to study the
effect of nonlinearities due to large deformations of the structure only. The airfoil sections rotate in a geometrically-exact
manner, as defined by the structure, such that the lift vector is applied to the aircraft model correctly but the relationship
between the angle-of-attack and the lift is linear.
Unsteady effects are included into the strip theory approach used here via Leishman’s indicial response method[17]
(using Jones’ approximation to Theodorsen’s function[31]). Palacios et al.[21] showed how Leishman’s two-state
approach was comparable in terms of accuracy to other methods such as Peters’ Finite-State approach [16] requiring
4-8 states, with the obvious benefit of a vastly reduced number of aerodynamic states. The aerodynamic forces and
moments are determined from the local beam velocities and local velocity fields due to gust disturbances, and enter into
the structural equation, Eq. 7. Static lift slopes are calculated from an incompressible VLM solver to provide 3D tip
loss effects, and are included into the strip-theory approach by updating the lift-curve slope.
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The equations of motion are solved in MATLAB. The static solver uses a Newton-Raphson method to solve the FE
discretisation of Eq. (7) with time derivatives set to zero, for an arbitrarily defined flow condition, aircraft orientation
and control surface deflection. The total number of states for the static system for the formulation used in this work is
therefore 6n, where n is the number of elements of the system. A trim solver is written in MATLAB, which also uses a
Newton-Raphson method to determine the orientation and control surface deflections (only angle of attack and elevator
deflections are required) in order to balance the forces and allow for straight, level flight. As there is no drag included in
this analysis, thrust is not required in the trimming routine for this aerodynamics model.
The dynamic solver solves Eq. (12) simultaneously with Eq. (14), along with the velocity integration equations in Eqs.
(17) and the unsteady aerodynamic equations, using a Newmark-β time-stepping solver, similar to the implementation
used in Shearer and Cesnik[32]. The total state size of the free-flying beam system is 12n + 6, with an additional 7n
states for temporal velocity integration to obtain positions and orientations, and a further 2n states for the unsteady
aerodynamics states, resulting in a total of 21n + 6 states.
In addition to the full nonlinear simulations, the equations are fully linearised and solved in MATLAB’s in-built
linear solver, lsim. This approach is useful for two main reasons. Primarily, it provides a solution representative of
standard linear approaches used in a traditional gust loads approach, thus highlighting the situations where modelling
the nonlinearities is important. It additionally allows for a rapid, first-case solution of the gust loads process, particularly
when linear model reduction techniques are used, allowing for a better understanding of the worst case gusts before the
more costly nonlinear simulations are run, and therefore means the gust excitation parameters can be narrowed down.
This approach is discussed in more detail in §II.E. Furthermore, two different linearisations of the equations are carried
out in this paper. First, the equations will be linearised about the undeformed geometry, which is representative of
the traditional, linear approaches in industry, and particularly the method that is carried out in the industry standard
software MSC.NASTRAN. The second linearisation will be carried out around the trimmed geometry. This more
accurate approach identifies whether the differences that are seen between traditional linear and nonlinear aeroelastic
simulations are fundamentally due to the linear assumption, or simply due to linearisation about a less representative
static (undeformed) geometry.
E. Gust Loads Process
A gust loads process will be carried out which largely follows the FAA[33]/EASA[34] gust regulations for discrete
atmospheric events, representing the gust disturbance as a 1-minus-cosine (1MC) excitation. If the trimmed aircraft
flies with a velocity component purely in the x-direction of the global reference frame, G, and the x-axis of the
gust reference frame, g, is parallel with this vector also, then the gust velocity, w, in the gust reference frame is
wg = [ 0 0 12 wgmax (1−cos(
πx
H )) ]
T , where x is the distance into the gust, H is the gust gradient, and wgmax is the gust
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velocity amplitude as determined the regulations. A round-the-clock (RTC) gust can be constructed by rotating the gust













0 − sin(θ) cos(θ)

, (1)
where if θ = 0◦, the gust is purely vertical, and if θ = 90◦ the gust is purely lateral. At any given moment in time, the
positions of the lifting surfaces can be located with respect to the gust velocity field; these velocities are added to the
local velocities of the lifting surfaces to include the gust excitation into the formulation.
Due to the nonlinearities that are introduced through the geometrically exact formulation in the structural equations,
the typical industrial approach used on linear systems must be adapted. In a standard industrial gust loads process on a
linear aeroelastic system, the 1g loads at the trim condition and the additional incremental gust loads can be calculated
separately and added together in post-processing due to the linear approximations of the model[5]. Furthermore for a
linear system, only vertical and lateral gusts n ed to be calculated, with negative and RTC gusts also determined in
post-processing, again due to superposition assumptions that are only valid for linear systems. RTC gusts are usually
only considered in cases where the loads on a particular component are comparable in magnitude when experiencing
vertical or lateral gust excitations, for example a T-tail configuration or a wing featuring an engine. In a HARW, it may
be the case that a highly deflected wing can make the structural loads due to both vertical and lateral excitations similar
enough in magnitude that RTC gusts could become necessary, i.e., the worst case gust may not be a perfectly vertical or
lateral gust, but at some angle. However, because of the nonlinearities associated with HARW, the aforementioned
linear approach can no longer be applied here.
While RTC loads can be determined quickly in a linear system, there is no way to determine this for a nonlinear
system without simply running combinations of gust orientation, θ, in an attempt to capture the worst case gusts. When
considering the ‘sufficient number’ of gust gradients, H, required in the certifications, it implies that an excessively
large number of simulations is required to thoroughly explore the problem space in a nonlinear aeroelastic system.
Previous studies[35] showed how, even for exceptionally large structural deformations, the RTC gust cases could be
identified reasonably accurately using a linearisation of the system equations providing that it is performed about the
trim, rather than the undeformed geometry. Further developments of that work showed how a surrogate model based
on the linear system of an aircraft alone could identify atypical gusts that exceeded the gust envelope that would have
been determined from vertical and lateral gusts alone[36]. A simplified approach to that used in Cook et al.[36] is used
here, whereby a gust analysis is first carried out on the linear system and the worst case gusts are identified for all loads
directions across all beam elements of the FE problem before considering the nonlinear behaviour (the aircraft in Ref.
9
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(a) AR 10 (b) AR 18 (c) AR 26
Fig. 3 The different aspect ratios studied in this work.
[36] is the same as used in this study).
For the gust loads analysis, 1MC gusts with lengths, 2H, from 20m to 220m in 20m increments are considered
(roughly the range required by the regulations[33, 34]). These gust excitations are input as disturbances on the linearised
undeformed geometry first, without gravity or any angle of attack included in the linearisation. The aircraft is then
trimmed using a static nonlinear solver, finding the angle of attack and elevator deflections to balance forces and
moments. Using this trimmed state, simulations considering the same gust excitations are repeated on the linear system
linearised about the trim condition. Finally, the full nonlinear simulations are carried out. Starting from the trimmed
geometry, the aircraft is disturbed by the same gust lengths as in the linear analyses, in addition to those same gust
lengths rotated about the flight axis by angles, θ, between 0◦ to 180◦ in 30◦ increments. The worst case gust lengths and
RTC gust angles are also collated from the linear analysis and added to the previously defined set of gust excitations.
Such an approach is not guaranteed to find the worst case gust excitations for the nonlinear system, but should at least
capture cases that exceed the traditional envelope without the necessity of running large numbers of simulations.
III. Aircraft Model
In this work a range of conceptual commercial passenger aircraft with different aspect ratio wings are considered;
an aspect ratio 10 aircraft is included as a representation of past and current designs, roughly equivalent to an Airbus
A320-series aircraft; a variant with an aspect ratio of 18 is considered to represent potential, near-future planforms,
similar to Boeing’s SUGAR Volt for example (without the strut); and finally, an exaggerated aspect ratio 26 planform is
considered to accentuate the geometric nonlinearities that may be seen, and to explore extreme ends of the design space.
It should be noted that, in the context of this paper, the aspect ratio 10 case may often be referred to as ‘low aspect ratio’
relative to the aspect ratio 18 and 26 wings in the forthcoming results and discussion sections, despite being reasonably
high in the general aerospace sense. Renderings of the aircraft that are being modelled in this work are shown in Fig. 3.
The overall geometry of the three aircraft planforms is influenced by data found in the literature on similar types of
aircraft, and the internal structure of the wings, horizontal tail plane (HTP) and vertical tail plane (VTP) are represented
as box sections that fit within the selected geometry. The box section properties are condensed into a beam representation,
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Aspect Ratio (-) 10 18 26
MTOW (kg) 71000 75600 82000
Half Wing Mass (kg) 7360 9630 12900
Half HTP Mass (kg) 706 706 706
VTP Mass (kg) 578 578 578
Wing Half Span (m) 18.3 24.6 29.6
Breguet Range (km) 5930 6670 6780
Trim AoA (◦) 6.4 6.7 7.9
Trim Elevator (◦) 4.0 8.3 12.6
Table 1 Properties of the aircraft variants used in this work.
and various static trim and manoeuvre cases are applied to the structure to determine the maximum stresses in operation.
The sizing routine determines the appropriate skin, spar and stringer thicknesses for the wingbox sections (assuming a
fixed thickness to chord ratio, and only applied to the wing structure) by using MATLAB’s in-built fmincon function
to minimise mass while not exceeding the stress allowables of the material. A much more in-depth discussion of the
process can be found in Calderon et al.[28, 29].
The aircraft is sized at various flight and mass cases within the flight envelope, including the cruise case at Mach 0.7
at an altitude of 10,000m and at the maximum take-off weight (MTOW). All future analyses are also run at this cruise
condition. The wing is made of aluminium, with a Young’s modulus of 69.9GPa, Poisson’s ratio of 0.33, and a density of
2700kgm−3. No structural damping is assumed. The wing is sized with engines on the wing at a fixed distance from the
fuselage for all aspect ratios. The engines and pylons are assumed to be rigid, and have no aerodynamic contributions.
Furthermore, because there is no drag assumed in the aerodynamics model, the engines do not apply a thrust. It was
found in initial studies for this paper that a viscous drag term in the aerodynamics affects the 1g loads but the incremental
gust loads were not affected significantly, and so, including viscous drag had little effect on the qualitative results.
The quarter-chord wing sweep and area are 12◦ and 130m2, respectively, with a taper ratio of 0.25, fixed for all
aspect ratios. Table 1 gives the resulting properties of the sized wing considering the three aspect ratios used in this
work (the Breguet Range and trim condition calculations include the effects due to deformation of the wings). The
angles of attack and elevator deflections in Table 1 are slightly higher than would be seen in practice due to a lack of
pre-twist, wing setting angle or camber on the wing sections, and the incompressible flow assumptions resulting in lower
lift-curve slopes. This is deemed to be a reasonable assumption to make for an initial design loop study, as in this work.
Table 1 shows that the total mass of the aircraft increases with aspect ratio, but despite this, the performance (in this
case quantified using Breguet range) increases with aspect ratio. The optimum aspect ratio for maximum Breguet range
falls somewhere between the 18 and 26 models[29], given the specific assumptions and constraints applied in this work.
The MTOW is allowed to increase with aspect ratio to ensure that the fuel capacity and payload remain constant, and the
capabilities of the different aspect ratios are consistent.
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IV. Gust Loads Analysis
Results of the gust loads process are presented next. To begin, a nonlinear trim solution is carried out, and eigenvalue
analyses are performed on the different aspect ratio aircraft to determine the underlying modal behaviour. After this, the
results of the gust loads process are presented and summarised.
A. Displacements
The 1g trim deflections are plotted in Fig. 4 comparing the trim shape for the three different aspect ratios. In
addition, the maximum and minimum deflection envelopes from the gust loads process are shown (this is discussed
later). The trim angle and elevator deflections are given in Tab. 1. It can be seen how, as the aspect ratio increases, the
tip deflection, as a percentage of span, also increases. The static trim tip deflections for the aspect ratio 10 case are
just below 4% of the semi-span, and the maximum deflection for all gusts is just above 6%, indicating it is likely to be
operating in the linear regime. As the aspect ratio increases to 18 and 26, the maximum gust deflections increase to
approximately 15% and 20%, respectively, of the span which indicates that nonlinear effects may become important[30].
It should be noted however, that the deformations are not exceptionally large, even for the aspect ratio 26 case (compared
to UAV wings like those studied by Patil et al.[14] for instance). The tip-shortening effects due to the geometrically-exact
formulation can be seen, particularly as the aspect ratio increases to 18 and 26.
Similar plots can be found in Fig. 5, illustrating the 1g angle of attack distributions down the wing, with the
maximum and minimum angles of attack due to gust excitations. It can be seen that as the aspect ratio increases the root
angle of attack increases (as also noted in table 1), but there is also a reduction in angle of attack along the span. From
the angles of attack in Fig. 5 it would be possible that stall effects could become apparent here, though such effects are
not captured by the aerodynamics model.
B. Stability Analysis
Stability analysis is carried out on the aircraft using an eigenvalue analysis of the linear system matrix. A root
locus diagram is shown in Fig. 6 for aspect ratios 10, 18 and 26 for various aeroelastic modes of interest, comparing
linearisations about the undeformed and trimmed geometries.
In Fig. 6 the imaginary parts of the flexible modes can be seen decreasing with increasing AR, which indicates
a reduction in frequency which would be expected from such an increase in aspect ratio. The real parts also tend to
decrease on these flexible modes as aspect ratio increases, showing a tendency for increased damping in these modes,
although this damping reduces again as the aircraft reaches aspect ratio 26, for example in the first bending modes. The
rigid body modes show a tendency to increase in both real and imaginary part, implying the rigid body modes increase
in frequency slightly as aspect ratio increases, while the damping of these modes decreases.
It can also be seen in Fig. 6 that the real and imaginary parts of the eigenvalues associated with the first and
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Fig. 4 Vertical displacement as percentage span vs. non-dimensionalised span for 1g deformations and maxi-
mum and minimum deformations from the gust loads analysis.
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Fig. 5 Angle of attack distributions vs. non-dimensionalised span for 1g deformations and maximum and
minimum angle of attack distributions from the gust loads analysis.
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Fig. 6 Eigenvalue/pole root loci for various aspect ratio wings.













Short Period 0.18 0.18 0.26 0.26 0.29 0.29
Dutch Roll 0.26 0.27 0.24 0.25 0.22 0.22
First Bending (Sym) 2.62 2.62 1.68 1.69 1.22 1.22
First Bending (Asym) 3.86 3.85 2.54 2.54 1.90 1.90
In-plane (Sym) 6.16 6.19 3.76 3.73 2.70 2.63
In-plane (Asym) 6.50 6.43 4.14 4.08 3.16 3.05
Second Bending (Sym) 7.30 7.26 3.94 3.94 2.75 2.77
Second Bending (Asym) 8.88 8.88 4.66 4.69 3.55 3.59
Bending + Engine (Sym) 5.32 5.31 5.01 5.05 4.86 4.92
Bending + Engine (Asym) 6.17 6.23 6.29 6.30 5.38 5.44
Table 2 Comparison of deformed vs. undeformed mode frequencies for different aspect ratios.
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second bending modes (both symmetric and asymmetric) match well between the linearised-about-undeformed and
linearised-about-trim geometry for the aspect ratio 10 case. However, as the aspect ratio increases, the differences
also increase. Conversely, certain modes such as in-plane bending modes and bending-plus-engine modes display
different real and imaginary parts between the different linearisation approaches even from the aspect ratio 10 case,
which indicates that linearising about the trimmed geometry can affect the damping and frequency of the linear system
even for low AR wings. The symmetric and asymmetric in-plane bending modes, for example, exhibit quite lightly
damped behaviour in the undeformed case for any aspect ratio. However, once the trimmed geometry is included in the
linearisation, the damping changes, reducing significantly for the low AR wing (and becoming marginally unstable) and
increasing for the highest AR case.
Also observe in Fig. 6 that the bending-plus-engine mode (essentially a torsional mode) interacts to different degrees
with the asymmetric second bending mode. As the engine span-wise location is fixed for all aspect ratios, there is little
interaction of the engine with the bending modes for the low aspect ratio case, but at the aspect ratio 18 case, the root
loci come together, and then part again as the aspect ratio is increased further. Without the engines, the asymmetric
second bending mode root locus trajectory follows the path of the symmetric second bending mode root locus. The
frequency of oscillation for the different modes is shown in Table 2, where it can be seen that all frequencies reduce as
the aspect ratio is increased, apart from the short period mode. However, it can also be seen that the differences in
modal frequency between undeformed and deformed is small, though they increase as the aspect ratio increases.
The Modal Assurance Criterion (MAC)[37] is a method that can be used to quantify similarity of two eigenvectors.
In this case, the MAC is carried out between the deformed and undeformed mode shapes as a way to illustrate how
linearising the equations about the trimmed geometry can cause different modes to couple. Contour plots of the MAC
matrix can be seen in Fig. 7a for the aspect ratio 10 case. There is a strong correlation between the respective modes,
indicated by numbers close to 1 on the diagonal. Some off-diagonal contributions can be seen for example, showing
how the Dutch Roll mode contains asymmetric first bending and in-plane modes once trimmed geometry is included in
the linearisation. Furthermore, the asymmetric bending-plus-engine modes show a strong off-diagonal coupling with
the asymmetric in-plane.
The MAC matrix for the aspect ratio 18 (Fig. 7b) shows greater off-diagonal contribution, with stronger coupling of
Dutch Roll to in-plane bending modes. In addition, the diagonal entry associated with the asymmetric second bending
mode reduces in value, which indicates that this mode is changed significantly by considering the trimmed geometry in
the analysis. Interestingly, it can be seen how there is no coupling between in-plane and engine modes that was seen
quite strongly in the aspect ratio 10 case.
Finally, the MAC matrix for the aspect ratio 26 case is presented in Fig. 7c. The trend seen from aspect ratio 10 to
18 continues here with greater cross-coupling, and where the contribution of in-plane modes to the Dutch Roll mode
increases, and the second bending mode changes with inclusion of the trimmed geometry. From these analyses it can be
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0.96 0.00 0.93 0.00 0.03 0.00 0.38 0.00 0.08 0.00
0.00 0.97 0.00 0.32 0.00 0.51 0.00 0.20 0.00 0.29
0.98 0.00 1.00 0.00 0.01 0.00 0.26 0.00 0.06 0.00
0.00 0.38 0.00 1.00 0.00 0.01 0.00 0.21 0.00 0.07
0.00 0.00 0.00 0.00 1.00 0.00 0.17 0.00 0.03 0.00
0.00 0.49 0.00 0.01 0.00 0.97 0.00 0.02 0.00 0.71
0.34 0.00 0.33 0.00 0.04 0.00 0.94 0.00 0.00 0.00
0.00 0.22 0.00 0.21 0.00 0.01 0.00 1.00 0.00 0.06
0.08 0.00 0.07 0.00 0.00 0.00 0.01 0.00 0.98 0.00






































































0.97 0.00 0.95 0.00 0.03 0.00 0.53 0.00 0.00 0.00
0.00 0.93 0.00 0.16 0.00 0.73 0.00 0.06 0.00 0.02
0.98 0.00 0.99 0.00 0.02 0.00 0.47 0.00 0.00 0.00
0.00 0.31 0.00 0.99 0.00 0.03 0.00 0.37 0.00 0.08
0.00 0.00 0.00 0.00 0.99 0.00 0.07 0.00 0.00 0.00
0.00 0.63 0.00 0.00 0.00 0.98 0.00 0.03 0.00 0.02
0.53 0.00 0.49 0.00 0.02 0.00 0.94 0.00 0.06 0.00
0.00 0.64 0.00 0.25 0.00 0.51 0.00 0.46 0.00 0.08
0.00 0.00 0.00 0.00 0.32 0.00 0.09 0.00 0.76 0.00






































































0.97 0.00 0.96 0.00 0.03 0.00 0.53 0.00 0.07 0.00
0.00 0.89 0.00 0.09 0.00 0.84 0.00 0.09 0.00 0.06
0.97 0.00 0.98 0.00 0.02 0.00 0.53 0.00 0.05 0.00
0.00 0.26 0.00 0.98 0.00 0.05 0.00 0.48 0.00 0.01
0.00 0.00 0.00 0.00 0.99 0.00 0.00 0.00 0.00 0.00
0.00 0.71 0.00 0.00 0.00 0.98 0.00 0.08 0.00 0.01
0.38 0.00 0.37 0.00 0.26 0.00 0.69 0.00 0.20 0.00
0.00 0.72 0.00 0.35 0.00 0.47 0.00 0.38 0.00 0.18
0.06 0.00 0.04 0.00 0.25 0.00 0.22 0.00 0.78 0.00





































































Mode 1 = Short Period
Mode 2 = Dutch Roll
Mode 3 = First Bending (Sym)
Mode 4 = First Bending (Asym)
Mode 5 = In-plane (Sym)
Mode 6 = In-plane (Asym)
Mode 7 = Second Bending (Sym)
Mode 8 = Second Bending (Asym)
Mode 9 = Bending + Engine (Sym)
Mode 10 = Bending + Engine (Asym)
(c) AR 26
Fig. 7 MAC matrix contour plots
(Deformed vs. Undeformed)
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seen how the impact of trimmed geometry has a more significant effect on the modeshapes of the aircraft as the aspect
ratio is increased.
C. Gust Loads Envelopes
First consider the aspect ratio 10 aircraft. Maximum and minimum incremental loads distributions are plotted in
Fig. 8 for the aspect ratio 10 aircraft; the loads from purely vertical and lateral gusts are plotted with dashed lines and
compared to those calculated from a RTC calculation, plotted with solid lines. Linear simulations, about both the
undeformed and trimmed geometries are compared to the full nonlinear simulations. Despite the earlier comments
regarding the invalidity of superposition techniques for HARW, the loads minus 1g loads are presented here even for
nonlinear loads to focus on the loads purely due to gusts. It can be seen that nonlinearity does not play a significant role
with regards to vertical shear and bending loads, where the linear simulations match extremely closely to the nonlinear
simulations (whether linearised about the undeformed or trimmed geometries). In the torque loads it can be seen that
the root and outboard loads are due to either purely vertical or lateral gusts (dashed lines), but inboard of the engine,
there is an increase in loads of around 20% due to a non-vertical (or RTC) gust (solid lines). The torque loads in this
region are well predicted by the simulations carried out on the system linearised about the trimmed geometry. The
exception to this is close to the root, where a significant difference exists due to an asymmetry between the nonlinear
and linearised about the trimmed geometry. When linearised about the undeformed geometry, the root torque loads are
over-predicted, and the RTC analyses inboard of the engine are not able to predict the significant increase in loads due to
a non-vertical gust. Aside from the quantitative differences, the asymmetry of the maximum and minimum loads can be
seen clearly, whereby the maximum and minimum incremental loads from the linear analysis are equal and opposite, but
the nonlinear loads are not.
Most noticeably, axial, in-plane shear and in-plane bending loads exhibit very significant differences between the
three types of simulation. This effect can be attributed to differences in the way that the aerodynamics is modelled. For
example, when linearised about the undeformed geometry, no in-plane or spanwise components of the aerodynamic
forces appear in the equations; in turn, the predicted axial and in-plane loads are small (the only contributions to the
loads in this direction comes from lateral gust cases inducing yaw motions). If linearised about the appropriate trim
condition, the loads in these directions are closer to the nonlinear results, but there are still considerable errors. It can
be seen that, even for a low aspect ratio wing, the contribution from in-plane aerodynamic forces affects axial and
in-plane loads, and furthermore that this appears to feed through to the torque loads. This emphasises the importance of
modelling the aerodynamics correctly, and highlights how drag forces, which are not modelled here and are typically
ignored in aeroelastic analyses, could prove to be an important phenomenon in aeroelastic analyses.
For comparison purposes, the gust loads analysis was repeated for the aspect ratio 10 aircraft without engine mass
and inertia (see Appendix, Fig. 15). It can be seen that the loads exhibit qualitatively similar behaviour (without the
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Fig. 8 AR 10 incremental loads distributions with engines.
kink at the engine location) as the case with engines in Fig. 8, aside from the torque loads. Without the engines, the
linear torque predictions are much closer to the nonlinear results, but notably worse than in the vertical shear or bending
moment loads.
Now consider the gust loads on the aspect ratio 18 case, in Fig. 9. As with the aspect ratio 10 case, the linearised
solutions are capable of matching the nonlinear results reasonably well for vertical shear and bending moments. However,
the difference between linearised-about-trim and linearised-about-undeformed is more pronounced here, with the
linearised-about-undeformed case over-predicting the loads. Torque envelopes display a more significant difference
between linear and nonlinear compared to the aspect ratio 10 case, and show that the linear torque envelope at the
root underestimates the loads compared to the nonlinear loads (more so in the linearised-about-undeformed than
linearised-about-trim). The torque loads here also differ qualitatively from the aspect ratio 10 case, where RTC gusts
play a much smaller role for the aspect ratio 18 case. This effect is due to the fact that the engines remain at a fixed
distance from the fuselage, and as such, for the aspect ratio 18 case, their dynamics do not couple with bending modes
to the degree that they did in the aspect ratio 10 case, i.e., the differences are due to the underlying model characteristics
rather than the linearisation.
Finally, consider the gust loads analysis for the aspect ratio 26 case, see Fig. 10. As seen in the lower aspect ratio
cases, vertical shear and bending compare well between linear and nonlinear provided the system is linearised about
trimmed geometry. When linearised about the undeformed geometry, these loads are over predicted (by around 9% for
the root vertical shear loads, for example). Linearised-about-trim results also show a very good match to the nonlinear
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Fig. 9 AR 18 incremental loads distributions.
torque loads, which (in contrast to the vertical shear and bending moments) is significantly under-predicted by the
linearised-about-undeformed simulations. This might suggest that the linearised system is predicting the dynamic
behaviour of the full nonlinear system well, and much better than for the lower aspect ratio cases. However, closer
inspection of the time histories of the torque loads (plotted in Fig. 11 (right) for the worst case gust excitation (H = 20m))
reveals that differences in the signals of the linear and nonlinear responses are quite marked, matching up almost
coincidentally at a peak around 0.75 seconds, long after the gust has hit the aircraft. Also included in Fig. 11 (left) is the
same torque time history subject to a very small gust, indicating that the differences that are seen are indeed due to
nonlinearities and not errors in the linearisation.
D. Summary of Linear/Nonlinear Gust Loads Comparisons
The gust loads comparisons are summarised here. They are presented as qualitative observations, but quantitative
comparisons can be found in Tables 3 and 4, where the percentage differences of linear results versus nonlinear results
at the root have been tabulated for root torque and shear force loads.
Generally, for all aspect ratios considered, vertical shear force and bending moment were predicted very well by the
linear system, provided it was linearised about the trimmed geometry. When linearised about the undeformed geometry,
vertical shear and bending were over-predicted as compared to the nonlinear results; a trend which is exacerbated by
an increased aspect ratio. The tabulated error values for root vertical shear in Tab. 3 show that the error between the
linearised and nonlinear simulations increases with aspect ratio when the system is linearised about the undeformed
19
Page 19 of 33
Review copy- Do not distribute
























































































































































































Fig. 10 AR 26 incremental loads distributions.
Time (s)












































Fig. 11 AR 26 incremental torque time histories.
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geometry. However, providing the linearisation is carried out about the trim condition, the error is consistently only ±1
to ±2% for all aspect ratios.
General observations can also be made about axial, in-plane bending and in-plane shear loads for all aspect ratios,
inasmuch as they are more or less consistently under-predicted by the linear system. Providing the linearisation is carried
out about the trimmed geometry the prediction is better, but nonetheless does not capture the full dynamic behaviour.
Finally, torque loads proved to be the least easy to generalise, and are very dependent on the aspect ratio. Interestingly,
significant nonlinear effects were observed even on the aspect ratio 10 case with engine; a low aspect ratio case such as
this would not typically be thought to exhibit strong nonlinearities. From the tabulated error values for root torque
in Tab. 4, the differences that are seen between the linearised and nonlinear simulations do not lead to a concise
conclusion about the relative behaviour; on some aspect ratios the torque is over-predicted while under-predicted for
another. The linear system appears to provide increasingly better predictions of the nonlinear loads envelope as the
aspect ratio increases, contrary to what might be expected. However, it appears that this is not a phenomenon that could
be guaranteed for a different model. The asymmetry of the maximum versus minimum torque loads for the nonlinear
system can also be seen in Tab. 4, where the differences between maximum and minimum loads show significantly







Root Load Percentage difference vs.









10 2.13×105 1.59×105 4.40 1.12
18 2.24×105 1.57×105 6.43 1.64





10 2.13×105 -1.63×105 2.28 -0.94
18 2.24×105 -1.62×105 3.21 -1.44
26 2.34×105 -1.40×105 7.41 -1.70
Table 3 Root Vertical Shear Percentage Error Compared to Nonlinear
E. Round-the-Clock Gust Loads
While the peak loads for the RTC gusts were presented in the last section, here we examine the variation of these
loads with gust angle. Polar plots of the maximum torque loads for a particular gust direction are plotted in Fig. 12,
comparing the linear and nonlinear calculations for torque at the root of the wing, and at approximately 3.5m outboard,
just inboard of the engines. The solid lines in Fig. 12 were generated from the left wing, and it can be seen how there is
no left-right symmetry. This is because the envelope is for the maximum load. The envelope for the right wing is also
included for the nonlinear results, as a dashed line, to illustrate that this is a left-right mirror of the left wing envelopes.
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Root Load Percentage difference vs.









10 -8.23×104 6.22×104 14.82 -9.27
18 -4.94×104 9.42×104 -31.79 -6.38





10 -8.23×104 -4.92×104 44.93 14.52
18 -4.94×104 -9.90×104 -35.14 -10.98
26 -2.08×104 -1.14×105 -25.36 1.77
Table 4 Root Torque Percentage Error Compared to Nonlinear
Figure 12a shows that the maximum torque loads at the root compare for the aspect ratio 10 case results for nonlinear
versus linear simulations. It can be seen that the maximum root gust torque predicted by the nonlinear code is due to a
slightly off-vertical gust (highlighted with a cross at about -7.5◦ from vertical). This is also captured reasonably closely
by the linearised-about-trim case, but when linearised about the undeformed geometry, a gust closer to only 2◦ from
vertical induces the maximum root torque. However, the torque for other gust directions shows a significant difference
between the methods. A similar plot in Fig. 12d illustrates the same torque envelope at approximately 3.5m outboard,
where the worst case gust direction is shown to be around -130◦. The linear analysis carried out about the trimmed
geometry predicts the same direction for the worst case gust torque, but the linear analysis about the undeformed still
predicts a much more vertical gust as the worst case, at around -13◦ from vertical.
Polar plots of the maximum torque loads for a particular gust direction for aspect ratios 18 and 26 are also shown in
Fig. 12. For both aspect ratio 18 and 26, the maximum torque for the nonlinear system is predicted to be due to a slightly
off-vertical gust (roughly in the ±10◦ range). The linearised-about-trim results also predict this worst case direction, but
under predicts the magnitude of the loads in this direction for the aspect ratio 18 case while matching it well for the
aspect ratio 26 case. The worst case gust direction for torque predicted by the linear-about-undeformed simulation is in
the complete opposite direction for aspect ratio 18, at both at the root and in-board of the engine, at around 170◦. This is
most likely due to differences in the aerodynamic damping due to the deformations for the linearised-about-undeformed
case which will affect the pitching motion and in turn could cause the worst case loads to occur post-gust. Also, the
torque envelope in all directions for the linearised-about-undeformed simulation is greatly reduced compared to the
linear.
As the aspect ratio increases, the impact of lateral gusts at approximately 3.5m outboard is seen to reduce dramatically,
which can be attributed to a decoupling of the torsional and in-plane bending modes as the aspect ratio increases, with
the engines remaining at a fixed distance from the fuselage.
In addition to the torque polar plots shown in Fig. 12, polar plots showing the maximum bending moment for a
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Lin - LW (trim)
Lin - LW (undef)
Nonlin - RW
(a) AR 10 (Root Torque Loads)

















(b) AR 18 (Root Torque Loads)

















(c) AR 26 (Root Torque Loads)



















(d) AR 10 (Torque Loads at ≈3.5m)

















(e) AR 18 (Torque Loads at ≈3.5m)

















(f) AR 26 (Torque Loads at ≈3.5m)
Fig. 12 Polar plot of maximum absolute total torque loads for a particular gust direction (crosses highlight
maxima). LW = left wing; RW = right wing.
particular gust direction are plotted in Fig. 13. In contrast to the torque plots, it can be seen that the vertical gust is close
to the worst case for all aspect ratios. For the aspect ratio 10 case, Fig. 13a, the vertical gust is significantly higher than
any other gust direction, but as the aspect ratio increases, the loads due to a negative gust (at θ=180◦) approach those of
the vertical gust, with the negative gust generating slightly loads for the aspect ratio 26 case. The linear results match
the nonlinear well, in terms of magnitude and worst case gust direction.
As well as the torque plots, the worst case root bending differs between left and right wing (compare solid and
dashed black lines in Fig. 12) however, the effect is much less marked than for the torque.
F. Correlated Loads
So far, only 1D envelopes have been considered, whereby the maximum and minimum of a given load is calculated
for all gust disturbances, for all timesteps simulated, and plotted as distributions along the span. It is also required to
capture the behaviour of correlated loads (e.g. bending moment and torque measured at concurrent time instances) to
provide design loads for 3D FE analysis. This requirement is achieved by plotting the response of loads, to all the gust
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Lin - LW (trim)
Lin - LW (undef)
Nonlin - RW
(a) AR 10 (Root Bending Loads)





















(b) AR 18 (Root Bending Loads)

















(c) AR 26 (Root Bending Loads)
Fig. 13 Polar plot of maximum absolute total bendingmoment for a particular gust direction (crosses highlight
maxima). LW = left wing; RW = right wing.
excitations, against one another for each time point and then computing the “convex hull”, which is the envelope of all
the correlated time traces[5].
Figure 14 shows torque versus bending moment correlated loads envelopes for the three different aspect ratio wings
(negative torque is wing pitch-up, negative bending is wing-up bending, in this case). For the aspect ratio 10 case
(Fig. 14a) the linearised-about-trim results show a comparable envelope to the nonlinear results, but for a small shift in
torque, whereas the linearised-about-undeformed envelope is significantly skewed and over predicts the envelope. As
the aspect ratio is increased to 18 and 26 (Figs. 14b and 14c, respectively), the linearised-about-undeformed begins to
under predict the loads envelopes, while the linear-about-trim still provides a reasonable match to the nonlinear results.
This is consistent with the results seen for the envelope distributions, and indicates that the linear model is capable of
predicting the correlated loads quite well, providing they are linearised about the trim shape.
V. Conclusions
Round-the-clock gust load analysis has been performed using three variants of a conceptual commercial aircraft
featuring aspect ratios of 10, 18 and 26, with their internal structures determined from an industrial-style sizing process
based on static loads simulations to ensure the structure is both structurally sound, and with a minimized mass. Analyses
were carried out using an aeroelastic framework, using a geometrically-exact nonlinear beam formulation and linear
unsteady aerodynamics, applied to a gust loads process based on industrial practices defined for use on a linear system,
but adapted for use on a nonlinear system. Simulations were carried out for all three aspect ratios in order to understand
how results obtained from a full, geometrically-exact nonlinear analysis compare to the results from a linearised system.
Stability analysis carried out on the linear systems showed how bending modes reduced in frequency, while increasing
in damping as aspect ratio increases (at the flight case considered). The real and imaginary parts of these modes agreed
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(b) AR 18 Correlated Loads
Torque (Nm) ×104























(c) AR 26 Correlated Loads
Fig. 14 Correlated Loads showing the convex hull of all time histories of torque vs. bending moment.
well between linearised-about-undeformed and linearised-about-trim for the aspect ratio 10 cases, but began to differ as
the aspect ratio was increased. However, some modes, primarily in-plane and torsional (i.e. the engine+bending mode),
exhibited different real and imaginary parts even for low aspect ratio cases. This finding implied that linearising the
equations about the undeformed geometry is only satisfactory if considering bending behaviour of low aspect ratio
aircraft and the torsional modes do not interact significantly with them. Otherwise, the state about which the equations
are linearised is important to the results, even for low aspect ratio wings.
Overall, vertical shear force and bending moment show very little nonlinear behaviour, whereas in-plane loads are
significantly under-predicted under linear assumptions for this particular class of aircraft. The effect of nonlinearities on
torque is shown to be very problem-dependent, and it is not easy to say a priori whether a linear assumption would over
or under-predict torque. It was particularly interesting to see how geometric nonlinearities became important in the
prediction of torque loads for the aspect ratio 10 case, indicating that even lower aspect ratio aircraft cannot be simply
assumed to be structurally linear. Conversely, as the aspect ratio was increased, torque loads between the linear and
nonlinear approaches began to agree much more closely, but from the analysis it was suggested that this is not likely to
be a universal trend. Results in this study show how important in-plane components of force are on the loads behaviour,
despite the fact only linear, incompressible, inviscid aerodynamics was used in this work. This finding suggests that
drag, be it viscous, lift-induced or transonic shock based drag components, may prove important in the loads analysis,
particularly considering drag is usually ignored in traditional aeroelastic loads studies.
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A. Intrinsic Beam Theory
To begin the beam description[11], one considers a beam described simply by a 1D coordinate, s, along the
deformed beam’s length. It is first necessary to define the variables that are used in the formulation. First, local strain,
γB(s, t) ∈ R3×1, and curvature, κB(s, t) ∈ R3×1, are defined as
γB(s, t) = [CBa(s, t)]Ra(s, t)′ − e1 (2)
and
κ̃B(s, t) = [CBa(s, t)][CaB(s, t)]′, (3)
respectively. In these equations, Ra(s, t) ∈ R3×1 is the position vector to any point on the aircraft structure as seen in the
body-fixed reference frame, a, and [CBa(s, t)] ∈ SO(3) is a rotation matrix mapping a vector in frame a to frame B. The
vector e1 is a constant, defined as e1 := [ 1 0 0 ]T and the •′ operator represents the spatial derivative of a certain variable
with respect to s, while the •̃ represents the cross-product matrix operator of a given vector. Pre-strains, γB0 (s, t) and
pre-curvatures, κB0 (s, t) could be added to Eqns (2) and (3), respectively, but are neglected here for clarity since they are
not used.
Further to these strain and curvature definitions, the local translational velocity, VB(s, t) ∈ R3×1, and angular velocity,
ΩB(s, t) ∈ R3×1, are defined as
VB(s, t) = [CBa(s, t)]
(




Ω̃B(s, t) = [CBa(s, t)][ ÛCaB(s, t)] + [CBa(s, t)]ω̃a(t)[CaB(s, t)], (5)
respectively, where va ∈ R3×1 is the translational velocity of the body-fixed reference frame, and ωa ∈ R3×1 is the
rotational velocity. The Û• operator represents the temporal derivative of a certain variable. From this point on, the
subscript B will be dropped from the velocities, strains and curvatures for clarity, as well as explicit mention that they
are functions of beam location, s, or time, t.
The matrices [M(s)] ∈ R6×6 and [C(s)] ∈ R6×6 are introduced as the sectional mass (symmetric) and compliance
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which map velocities to translational and rotational momenta, P and H , respectively, and forces, F, and moments,
M , to strains and curvatures. In the sectional mass matrix, m(s) ∈ R and J(s) ∈ R3×3 are the sectional mass and
rotational inertia of the beam per unit length, respectively, and ξ ∈ R3 is the mass offset, defined in the beam-fixed
reference frame sign convention. In the sectional compliance matrix, ci j ∈ R3×3 simply refers to submatrices of the full
matrix, with more detail available on obtaining this in Ref. [38]. It can be seen that the relationship between the beam
forces and moments, and the strains and curvatures is linear, indicating that there are no material nonlinearities such as
skin-buckling or plasticity accounted for in this method.






























where e f = cγ f e1, and f and m are local, externally applied forces and moments, respectively.
In Eq. (7), the degrees of freedom of the equations of motion are local velocities and strains and curvatures.
In contrast to similar methods which rewrite the equations of motion purely in terms of strains and curvatures, or
alternatively in terms of displacements and orientations, the intrinsic beam approach introduces an additional equation
which relates the velocities to the strain and curvatures, which closes the formulation. This equation is derived from Eqs.















F + e f
M
 . (8)









)dsdt = 0 (9)
where x = [F; M;V ;Ω] ∈ R12 is a vector of the beam loads and velocities, and δy = [δR; δΦ; δI ; δJ] ∈ R12 is the
vector of infinitesimal displacements, rotations and force and impulse variations. The matrices [A1] ∈ R12×12 and
[A2] ∈ R12×12
2 are system matrices derived from rearranging Eqns. (7) and (8), and the matrix [A3] ∈ R12×6 pads the
vector of applied forces and moments out with zeros to apply it only to Eq. (7). The ⊗ operator is the Kronecker product,
where it should be noted that because numerous columns of [A2] are all zero, using the Kronecker product in this way
may not be the most computationally efficient approach, but nonetheless provides a very concise way to summarise the
equations, and highlights clearly how the highest degrees of nonlinearity in the intrinsic beam approach are quadratic. A
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finite element discretisation of Eq. (9) is achieved by introducing shape function approximations to the state vector x
and infinitesimal variations δy, and integrating out the matrices. The following shape functions are introduced,
x(s, t) = [N(s)] x̄(t) and δy(s, t) = [W(s)] δ ȳ(t), (10)
defined such that the appropriate boundary conditions are satisfied (i.e. δR(0) = δΦ(0) = F(l) = M(l) = 0 and
δI (l) = δJ(l) = V (0) = Ω(0) = 0 for a cantilever beam for example). Additional shape functions, [Npt (s)] and
[Ndst (s)] are introduced which describe the force and moment distributions; here only point loads (engine thrust) and















where fpt and mpt are vectors of various point forces and moments, respectively, and fdst and mdst are the control
points of distributed force and moments, respectively. The shape function, [Npt ], is essentially a matrix of shifted Dirac
delta functions to apply point loads at the appropriate location on the beam.
The final FE formulation for the beam can be written as














T [A0][N(s)]ds, [B3] =
∫ l
0 [W(s)]
T [Npt (s)]ds, [B4] =
∫ l
0 [W(s)]




[W(s)]′T [A1][N(s)]ds and [B2] =
∫ l
0
[W(s)]T [A2(s)]([N(s)] ⊗ [N(s)])ds, (13)
The first equation in Eq. (13), along with additional boundary conditions, [x̄]l0, in Eq. (12) are results of integration
by parts of the spatial derivative term in Eq. (9). The second equation uses a property of Kronecker products (i.e.
AB ⊗ CD = (A ⊗ C)(B ⊗ D)) which can easily apply the shape functions without changing the form of the expressions
in Eq. (9).




























ª®®®¬ ds = 0, (14)
which satisfies the conservation of momentum equations for the beam, or set of beams, in the G reference frame. It can
28
Page 28 of 33
Review copy- Do not distribute






























































be seen that the translational and rotational velocities of the body-fixed reference frame, va and ωa, respectively, are not
solved for directly in Eq. (14), and these variables do not appear explicitly, but remain embedded within the variables
V and Ω (see Eqs. (4) and (5)). Instead, Eq. (14) is treated more like a Lagrange multiplier constraint on the beam
equations, where the velocity of the rigid body is coupled with the beam equation as a velocity boundary condition on
Eq. (12) at the root, and they are solved simultaneously to satisfy both equations.
The intrinsic beam formulation results in double the number of variables compared to alternative nonlinear beam
approaches, but in doing so retains a much more algebraically simple set of equations to solve, as can be seen from
the simplicity of Eq. (9). Palacios et al.[21] compare the intrinsic beam formulation to two common approaches to
nonlinear beam modelling, namely displacement-based[6] and strain-based methodologies[8], and highlight benefits
and drawbacks of each method. The simplicity of the intrinsic beam equations can be seen to be advantageous
computationally. A finite-element (FE) approach to the solution of the intrinsic beam equations is applied. Here, a
similar scheme to those used in Hodges et al.[38] is employed, whereby the shape functions for the velocities and state
variations are piecewise-linear, and the shape functions for the beam loads are piecewise constant for a given structural
element. Using this approach, a discretisation of the beam, or set of beams, into n elements results in a state vector,
x̄ ∈ R12n×1, and the shape functions, [N(s)] , [W(s)] ∈ R12×12n.
However, rather than using a mixed-formulation, the intrinsic beam equations are solved for velocities and beam
loads directly. The position and orientation of the beam are still required for the simulations as can be seen specifically
in Eq. 14, and in order to rotate globally defined gust velocity and gravity vectors into the local frames of references;
these additional values can be obtained by one of two methods. Due to the choice of piecewise constant shape functions
for the beam loads, the spatial integration of the strains and curvatures can be achieved using an iterative approach based

















γn + e1 κ̃n
 , (16)




, are defined by the problem definition (static angle
of attack or bank angle, etc.). This method is used in the core of the formulation of Cesnik and Brown[8], Shearer and
Cesnik[9] and Su and Cesnik[10], and can be re-written using the Cayley-Hamilton theorem to increase computational
efficiency[9]. However, in the dynamic simulations, temporal integration of the velocities is favoured to avoid repeated
calls to computationally expensive exponential or trigonometric functions. In this work, the orientations of the beam are
parameterised using quaternions, which leads to the following ODEs which can be solved in addition to Eqs 12 and 14,
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 ζ . (17)
where ζ = [ζ0; ζ1; ζ2; ζ3] = [ζ0; ζ̄T ] ∈ R4×1 is a vector of the Euler parameters that represent the quaternion, ζ ∈ H.
The rotation matrix for a given node of the problem, [CGB], can be obtained efficiently from the quaternion parameters,
where [CGB] = [H+(ζ )][H−(ζ )]T in which [H±] =
[
−ζ̄ ζ0I ± ˜̄ζ
]
∈ R3×4[15] (this approach does not require iterative
calls to exponential functions as in Eq. 15). The rotation matrix of the body-fixed reference point,[CGa], can be found
simply by evaluating Eqns. 17 at the location of that particular reference point. Additional rotation matrices required in
the formulation can be determined using properties of SO(3) matrices (e.g. [CaB] = [CaG][CGB] = [CGa]T [CGB]).
B. Extra Results
Results from the aspect ratio wing 10 case without engines is included here (Fig. 15) for direct comparison with the
results with engines (Fig. 8) to highlight the effect of the engines.



























































































































Fig. 15 AR 10 incremental loads distributions without engines.
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